Abstract. Using p-adic local Langlands correspondence for GL 2 (Qp), we prove that the support of patched modules M∞(σ)[1/p] constructed in [CEG + 16] meet every irreducible component of the potentially semi-stable deformation ring R ✷ r (σ) [1/p]. This gives a new proof of the Breuil-Mézard conjecture for 2-dimensional representations of the absolute Galois group of Qp when p > 2, which is new in the case p = 3 andr a twist of an extension of the trivial character by the mod p cyclotomic character. As a consequence, a local restriction in the proof of Fontaine-Mazur conjecture in [Kis09] is removed.
Introduction
Letr : G F → GL n (F) be a continuous representation and let R ✷ r (resp. R ✷,ψ r ) be its universal framed deformation ring (resp. universal framed deformation ring with fixed determinant ψǫ). Under the assumption that p does not divide 2n, [CEG + 16] constructs an R ∞ [G]-module M ∞ by applying Taylor-Wiles-Kisin patching method to algebraic automorphic forms for definite unitary groups, where R ∞ is a complete local Noetherian R G F → GL n κ(y) . It is expected that the Banach space representation Π y depends only on x and that it should be related to r x by the hypothetical p-adic local Langlands correspondence; see [CEG + 16] and [CEG + 18] for a detailed discussion.
Motivated by the Fontaine-Mazur and Breuil-Mézard conjecture, it is conjectured that every irreducible component of a potentially semi-stable deformation ring with distinct Hodge-Tate weights is automorphic with respect to M ∞ (see section 3 for the precise definition), which is known for those irreducible components consisting of potentially diagonalizable point; see [CEG + 16, Corollary 5.4].
In this paper, we specialize this construction to the case F = Q p and n = 2, in which the p-adic local Langlands correspondence is known. The goal of this paper is to prove that every irreducible component of a potentially semi-stable deformation ring is automorphic. This amounts to showing that if r x is potentially semi-stable with distinct Hodge-Tate weights, then (a subspace of) locally algebraic vectors in Π y can be related to WD(r x ) via the classical local Langlands correspondence, where WD(r x ) is the Weil-Deligne representation associated to r x by Fontaine.
One of the ingredients is a result of Emerton and Paškūnas, which shows that the action of R ∞ on M ∞ is faithful. The statement can also be deduced from the work of Hellmann and Schraen [HS16] . Note that this does not imply that Π y = 0 since M ∞ is not finitely generated over R ∞ . We overcome this problem by applying Colmez's Montreal functorV to M r -algebra. This finiteness result is a key idea in this paper. While our paper is written, we were notified that Lue Pan also obtains a similar result independently.
Our strategy runs as follows: we first show thatV(M ψ ∞ ) is finitely generated over R 
is non-zero, which in turn implies that Π y is nonzero. Combining these, we prove that every irreducible component of a potentially semi-stable deformation ring is automorphic if it contains a point whose associated Galois representation r x is irreducible. So we only have to handle components in the reducible (thus ordinary) locus, which is known to be automorphic by [BLGG13] except for the case which admits reducible semi-stable non-crystalline components. This gives a new proof of the Breuil-Mézard conjecture outside this particular case by the formalism of [Kis09, GK14, EG14, Paš15] . Fortunately, the conjecture for this case can be checked directly by computing Hilbert-Samuel multiplicities, thus we prove the conjecture. This is new in the case p = 3 andr a twist of the trivial character by the mod p cyclotomic character. As a consequence, the Fontaine-Mazur conjecture without the local restriction follows immediately from the original proof of [Kis09] . We expect that a similar strategy will work in the case when p = 2 and would like to pursue this problem in the near future.
The paper is organized as follows. In section 1, we state the Breuil-Mézard conjecture for 2-dimensional Galois representations of G Qp . In section 2, we recall the p-adic representation theory for GL 2 (Q p ) and the Colmez's Montreal functor. In section 3, we define patched modules in our setting and show some of their properties after applying Colmez's functor. In section 4, we prove the automorphy of potentially semi-stable deformation rings and explain how such a result can be applied to the Breuil-Mézard and Fontaine-Mazur conjectures.
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Notation
• p is a prime number.
• E/Q p is a sufficiently large finite extension with ring of integers O, uniformizer ̟ and residue field F.
• For a number field F , the completion at a place v is written as
p is the p-adic cyclotomic character, whose Hodge-Tate weight is defined to be 1.
• ω : G Qp → F × p is the mod p cyclotomic character, and ½ :
We also denote other trivial representations by ½ if no confusion arises.
• Normalize the local class field theory Art Qp :
Qp so that p maps to geometric Frobenius. Then a character of G Qp will also be regarded as a character of Q × p .
• For a ring R, m-Spec R denotes the set of maximal ideals of R.
• For R a Noetherian local ring with maximal ideal m and M a finite R-module, and for an m-primary ideal q R, let e q (R, M ) denote the Hilbert-Samuel multiplicity of M with respect to q. We abbreviate e m (R, R) = e(R).
• For R a Noetherian ring and M a finite R-module of dimension at most d, let ℓ Rp (M p ) denote the length of the R p -module M p , and let • If A and B are complete Noetherian local k-algebra for some field k, and if p and q are primes of A and B respectively, such that A/p is of dimension d and B/q is of dimension e, then A/p⊗ k B/q is a quotient of A⊗ k B of dimension d + e. Hence Spec A/p × k Spec B/q is a closed subscheme of Spec A × k Spec B of dimension d + e, and we write
• • We write G = GL 2 (Q p ) and K = GL 2 (Z p ), and let Z = Z(G) ∼ = Q × p denote the center of G.
The Breuil-Mézard conjecture
Consider the following data:
• a pair of integers λ = (a, b) with a > b,
We call such a triple (λ, τ, ψ) a p-adic Hodge type. We say a 2-dimensional continuous representation r : By a result of Henniart in the appendix of [BM02] , there is a unique finite dimensional smooth irreducible Q p -representation σ(τ ) resp. σ cr (τ ) of K, such that for any infinite dimensional smooth absolutely irreducible representation π of G and the associated Weil-Deligne representation LL(π) attached to π via the classical local Langlands correspondence, we have Hom K (σ(τ ), π) = 0 (resp. Hom K (σ cr (τ ), π) = 0) if and only if LL(π)| I Qp ∼ = τ (resp. LL(π)| I Qp ∼ = τ and the monodromy operator N is trivial). We remark that σ(τ ) and σ cr (τ ) differ only when τ ∼ = η ⊕ η is scalar, in which case
wherest is the inflation to GL 2 (Z p ) of the Steinberg representation of GL 2 (F p ).
Enlarging E if needed, we may assume σ(τ ) is defined over E. We write σ(λ) = det b ⊗ Sym a−b−1 E 2 and σ(λ, τ ) = σ(λ)⊗σ(τ ). Since σ(λ, τ ) is a finite dimensional E-vector space and K is compact and the action of
is a smooth finite length F-representation of K, we will denote by σ(λ, τ ) its semisimplification. One may show that σ(λ, τ ) does not depends on the choice of a lattice. For each smooth irreducible Frepresentationσ of K, we let mσ(λ, τ ) be the multiplicity with whichσ occurs in σ(λ, τ ). Similarly, we let σ cr (λ, τ ) = σ(λ) ⊗ σ cr (τ ), and we let m cr σ (λ, τ ) be the multiplicity with whichσ occurs in σ cr (λ, τ ). Letr : G Qp → GL 2 (F) be a continuous representation. We will write R ✷ r (resp. R ✷,ψ r ) for the universal framed deformation ring ofr (resp. universal framed deformation ring ofr with determinant ψε) and r ✷ :
, then the residue field κ(x) is a finite extension of E. Let O κ(x) be the ring of integers in κ(x). By specializing the universal framed deformation at x, we obtain a continuous representation r x : G Qp → GL 2 (O κ(x) ), which reduces tor modulo the maximal ideal of O κ(x) .
Since κ(x) is a finite extension of E, r x lies in Fontaine's p-adic Hodge theory. Kisin has shown the existence of a reduced, 4-dimensional quotient R 
where the sum is taken over the set of isomorphism classes of smooth irreducible F-representations of K. 
where the sum is taken over the set of isomorphism classes of smooth irreducible F-representations of K.
Remark 1.3. The conjecture implies that µσ(r) and Cσ(r) is determined by a potentially crystalline deformation ring of Hodge type λ (the crystalline lift ofσ) and trivial inertial type, which can be computed. We refer the reader to [Kis09, Section 1.1.6] and [EG14, Section 3.3] for these inputs. 
Preliminaries on the representation theory of GL
Proof. In [Paš10, Lemma A1], Paškūnas proved this for supersingular blocks. For other blocks, the assertion for π of length ≤ 2 follows from [Col10, VII.5]. For general π, the lemma follows easily by induction on the length of π as Lemma A1 of [Paš10] .
Proof. Without loss of generality, we can assume π ∈ Mod l.fin
B , hence has finitely many irreducible subquotients π 1 , ..., π n up to isomorphism. Since ρ i :=V(π ∨ i ) is a finite dimensional G Qp -representation over k, Ker ρ i has finite index in G Qp . It follows that K := i Ker ρ i is of finite index in G Qp and H := G Qp /K is a finite group. Denote P by the maximal pro-p quotient of K and G by the quotient of G defined by the diagram
We claim that the action of G Qp onV(π ∨ ) factors through G. Since π can be written as inductive limit of finite length smooth representations, it suffices to prove the claim for π of finite length by the definition ofV. Set ρ =V(π ∨ ) a finite dimensional G Qp -representation over F and Im(ρ) = U ⋊ D, where D = Im(ρ ss ) and U = Ker(Im(ρ) ։ D). It is easy to see that D is a quotient of H and ρ(K) is contained in U . Since U is a p-group, the action of K factors through P and the claim follows.
We have the following equivalent conditions:
⇐⇒ the cosocle ofV(π ∨ ) is of finite length where the first equivalence is due to the claim and the second equivalence follows from Nakayama lemma for compact modules (see [Bru66, Corollary 1.5]). To show the last equivalence, since P acts oň V(π ∨ ) via U andV(π ∨ ) P is the maximal quotient where P acts trivially, it is easily seen thatV(π ∨ ) P is the cosocle ofV(π ∨ ).
Since π is admissible, its pro-p Iwahori fixed part is of finite dimensional. Thus there are only finitely many irreducible representations in the socle of π, which implies that cosocle ofV(π ∨ ) is of finite length by lemma 2.1. This proves the proposition.
Patched modules
From now on we make the assumption p > 2. Fix a continuous representationr : G Qp → GL 2 (F) and enlarge F if necessary. Corollary A.7 of [EG14] (with K = Q p ) provides us with an imaginary CM field F with maximal totally real subfield F + , and a continuous representationρ : G F → GL 2 (F) such thatρ is a suitable globalization ofr in the sense of Section 5.1 of [EG14] .
Let T = S p ∪ {v 1 }, with S p be the set of places of F + lying above p. For each v ∈ S p , we letṽ be a choice of a place of F lying over v, with the property thatρ| GFṽ ∼ =r. (Such a choice is possible by our assumption thatρ is a suitable globalization ofr.) We letT denote the set of placesṽ, v ∈ T . For each v ∈ T , we let R ✷ v denote the maximal reduced and p-torsion free quotient of the universal framed deformation ring ofρ| GFṽ . For each v ∈ S p \ {p}, we writeR AA1 M ∞ is a finitely generated R ∞ K -module. AA2 M ∞ is projective in the category of pseudocompact O K -modules.
Let σ
• be a K-stable O-lattice in σ = σ(λ, τ ) (resp. σ cr (λ, τ )). We write R ✷ r (σ) for the reduced, p-torsion free quotient of R ✷ r corresponding to potentially semi-stable (resp. potentially crystalline) liftings of p-adic Hodge type (λ, τ ), and set
where we are considering continuous homomorphism for the profinite topology on M ∞ and the p-adic topology on (σ • ) d . This is a finitely generated R ∞ -module by (AA1) and corollary 2.5 of [Paš15] .
AA3 For such σ, the action of
is locally free of rank 1 over its support. AA4 For such σ, the action of H(σ) := End G c-Ind . We say y is crystalline (resp. semi-stable, resp. potentially crystalline, resp. potentially semi-stable) if r x is crystalline (resp. semi-stable, resp. potentially crystalline, resp. potentially semi-stable). Proof. Using Nakayama lemma for compact modules, it is enough to show thatV(M
F is a finitely generated F K -module by AA1, so its Pontryagin dual is an admissible K-representation with a smooth G-action, and thus an admissible G-representation. The proposition follows from lemma 2.2.
3.2. Capture. Let O K be the complete group algebra, and let Mod Definition 3.5. Let {V i } i∈I be a set of continuous K-representations on finite dimensional E-vector spaces and let M ∈ Mod pro K,ζ (O). We say that {V i } i∈I captures M if for any proper quotient M ։ Q, we have Hom
By Corollary 4.26 of [CEG
+ 16], M ψ ∞ is a nonzero projective object in Mod pro K,ζ (O), where ζ = ψ| Z(K) . Theorem 3.6. The action of R ψ ∞ G Qp onV(M ψ ∞ ) factors through R ψ ∞ G Qp /J, where J is a closed two-sided ideal generated by g 2 −tr r ∞ (g) g+det r ∞ (g) for all g ∈ G Qp , where r ∞ : G Qp → GL 2 (R ψ ∞ ) is
the Galois representation liftingr induced by the natural map
Proof. In [Paš16, Proposition 2.7], it is shown that there is a family of K-representations {σ i } i∈I , where σ i is a type for a Bernstein component containing a principal series representation but not a special series tensoring with an algebraic representation, which captures every projective object of Mod pro K,ζ (O). We have the following commuting diagram:
We thus obtain a map 
We claim that the action of R
is the closed two-sided ideal generated by g 2 − tr r x (g) g + det r x (g) for all g ∈ G Qp . Given the claim, we see that g 2 − tr(r ∞ (g))g + det(r ∞ (g)) acts by 0 on the right hand side of (3), and thus oň
. This proves the proposition. To prove the claim, we note that BS(r x ) is the locally algebraic vectors of the unitary Banach representation B(r x ) constructed in [BB10] . Hence we have r x ∼ =V B(r x ) ։V BS(r x ) , and the claim follows. Remark 3.10. Proposition 3.8 and corollary 3.9 can also be deduced from [HS16] and [BHS17] , which proves that set of crystabelline points of any fixed Hodge type λ is dense in a union of irreducible components of Spec R 
⊕n (see [Kis09, Lemma 1.6.11]) for some integer n. As Π y = 0 by proposition 3.11, we get n ≥ 1. SinceV is covariant, we may take subquotient Remark 4.2. In the caser ∼ ( ω * 0 ½ ) ⊗ χ, λ = (a + 1, a) and τ = η ⊕ η, then Z R ✷ r σ(λ, τ ) /ω is irreducible ifr is trés ramifié, and is the sum of two irreducible components ifr is peu ramifié (include split) with one of which is Z R ✷ r σ cr (λ, τ ) /ω and the other of which is the closure of the semi-stable non-crystalline points; see Proposition 3.3.1 of [EG14] .
Proof of Theorem 1.2. We follow the strategy in [EG14] and [Paš15] . For every smooth irreducible F-representationσ of K, we define Cσ(r) to be the cycle Z 4 R 
